Extensions on the Euler congruence
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1 Introduction

In this short paper I will give a few elementary extensions of the well known Fuler congru-
ence, also referred to as Fuler’s theorem.

Remark. To avoid ambiguity, I first give the interpretation of some ambiguous (depends on

where you live) symbols used in the text:
e N=1{0,1,2,3,...} and
o Np={1,2,3,...}.

e And to be sure everyone gets it, a vertical bar | means in al cases ‘is divisor of’ (or
‘divides’). The symbol f means ‘is no divisor of .

Theorem 1.1. The Euler congruence states that for n € Ny and a € Z we have
a?™ =1 mod n
when ged(a,n) =1, (or in other words a and n must be coprime).

proof:
Several proofs of this theorem, more or less elementary, can be found in books on elementary

number theory.
A

Of course conversely the congruence does not hold if ged(a,n) # 1, as this is equivalent to a
having no inverse modulo n. But we can formulate some easy proved elementary theorems
that are in some way generalisations of the Euler congruence in this case.

2 What if ged(a,n) is not equal to 17

Let us begin with the most important theorem (or I find it the most important one). It looks
like Euler’s theorem, but it is more general.
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Theorem 2.1. Let n € Ny and a € Z. Let d be the number you get by cancellation of all
the prime factors in the prime factorisation of n who are no divisor of a. (If everything is
cancelled, then you get ‘1’ of course.) In other words % is the greatest divisor of n that is
relatively prime with a. Then

a?™ mod n = d(al_1 mod %),

with d=' mod 5 the inverse of d modulo 7.
proof:

e We have 0 < d ' mod 2 < 2 s0 0 < d(d~! mod %) < n. Therefore it is sufficient to
proof that
n
a?™ = d(d~! mod E) mod n. (1)

e To proof (1) it is sufficient to proof the following two statements:
d|a®™ and (2)

a?™ =1 mod g, (3)

because (2) = take that k € Z so that a#™) = dk.
(3) = dk=1mod %
= k= (d"' mod %) mod % (because the inverse is unique)
= dk=d(d mod %) = a®™ mod n.

e Proof of (2):
given: pld = pla
= sufficient to proof: ¢(n) > number of prime factors in the prime factorisation of d
= sufficient to proof: ¢(n) > number of prime factors in the prime factorisation of n.
This is easely argued out from the formula for ¢(n) in terms of the prime factorisation
of n.

e Proof of (3):
From the Euler congruence follows

(%) =1 mod =~
a¥'d mod —

because ged(a, %) = 1, because it is given that if p|%, then p fa, for each p prime. From
this it follows that a®™ =1 mod 2 (argue out that ¢(2)|¢(n), because Z|n, from the
formula for ¢(n)).
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So as you can see the proof is really simple. You can easy see FKuler’s theorem as a special
case of this theorem. In fact the proof follows directly from splitting up n, remember the
Chinese remainder theorem. But I find the theorem beautiful. The proof gives more insight
in how it works in general when Euler’s theorem doesn’t hold immediately.

Remark. Of course to find d you don’t have to factorise n, which becomes time-consuming
if the number of digits of n grows. You can do it for example by dividing away from n the
greatest common divisor with a and from what remains again the greatest common divisor
with a and so on until there is nothing left to divide away.

No I will give an immediate consequence, at least in one direction. The other direction is not
immediately clear.

Consequence 2.2. Letn € Ny en a,b € Z. Then
a?™ = b mod n < Vp prime, p|n : (pla < p|b)

proof:
Let d, the ‘d that belongs to a and n’ as defined in the previous theorem and d, de ‘d that
belongs to b en n’. We must proof both directions.

° =

In this case d, = dp by definition; define d = d, = dp. Then

a?™ mod n = d(ci_1 mod %) = b*(") mod n.

° =

Proof by contradiction: suppose Jp prime, p|n : pla and p [b, take that p. (This p exists,
if necessary after exchanging the role of a and b.) Now apply theorem 2.1:

a®™ mod n = d, (d;l mod dﬁ>

a

|| given

b mod n = d, <db_1 mod dﬁ>
b

Then p|d, and p fdp.

Now d; ! (mod ;) has an inverse modulo 7 (namely d, mod 7).
Therefore ggd(d; ', ) =1
but p[7 (because p|n and p [d) and

pld, ! (because p|d,(d;* mod 1) 80 pldy(d, ' mod 1) and p fdy),
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which gives us the contradiction.

The next two examples are some remarkable special cases of this consequence.

Example 2.3.

a?™ = ggd(a,n)¥™ mod n

Anyhow this is easy to prove without this consequence.

Example 2.4.

a"* ™ = gl*(") mod n,Vk,1 € Ny

And this gives the link to the next section.

3 Extensions on the reduction of the exponent modulo ¢(n)

Example 2.4 gives us a way to reduce the exponent when calculating a power modulo n. The

example says we can always reduce by subtracting a number of times ¢(n), but it doesn’t

give a way to reduce below ¢(n). Now we investigate if we can reduce further below p(n).

Theorem 3.1. Let n,l € Ng, a € Z en k € N. Then

lw(m)-ﬁ—k k

a =a” modn
n
L N
YN ggd(aF )
s JdeeNy:ad=d" modn
proof:
(3)=(2) Given: n|a*(a® — 1)
= Zd(aF ) ¢ =1
= a° =1 mod m
= a1 is the inverse of a, modulo — "4,
ggd(a®,n)

SO ggd(a, M) =1.

(2)=-(1) From the Euler congruence:

a@(m) =1 mod o

ged(ak,n)
= al‘p(ggd(z’“v")) =1 mod —"—
- ggd(ak,n)
n l‘P( "
‘a ged(afn)/) _ 1

= ggd(aFm)
= n|ak(al<p ggd(z’“v”)) —1).

(1)=(3) Take e = lw(m).
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Remark. You may wonder why I put the theorem in this form with the number l. You can
take | for example equal to one. But you have an interesting case taking l so that lcp(m)
is equal to p(n). This is possible because in general if m|n then o(m)|p(n). Then we have an
answer to the question in the beginning of this section. Namely, in this case the first two lines
of the theorem gives us precisely in which cases we can reduce further below p(n). It also fits
completely with the example 2.4 because p(n) is greater than the number of prime factors in
the prime factorisation of d or n. (See the proof of theorem 2.1)

Finally an exercise, which is a bit artificial to be as general appliable as possible.

Exercise 3.2. Let n,l,1',1",1" € Ng,a € Z and k € N. Then

’  on " " _n_
al Lp(ggd(ak»"))—i_k = akggd<al > lin) so(ggd(ak,n)) mod n
g9d(a*,n)
sollution:
We change the exercise to the following question. For wich b € Z is
d g"(m)"'k = @(m) mod n? (4)

First we transform the congruence a bit.

(4) =2 n’ak<allw(ggd(zk,n)) — bll’¢(ggd(zk,n)))
< mw”“’(g@&m)) el
& allw(ggd(zk”")) = bl//¢(m) mod —2—.
ggd(ak,n)

Because of example 2.4 it is sufficient that

sD(ggc1<zk,n>) = b“"(ggd&k,n)) "

d——
¢ 0% ggd(aF, n)

Because of consequence 2.2 is this equivalent to

Vp prime ‘ n la & plb
p prime,pl————— : P|a P|0.
ggd(a®, n)

And finally we see that b = ggd (alm, ﬁ) satisfies.

(a*,n)

Remark. Again, you may wonder the use of all this numbers l. You can choose them as
you want, for ezample equal to one, and again the ' and l” outside the p-function means you
can also multiply inside the p-function (see also the remark for theorem 3.1). You can for
example multiply the demominator in the fractions away or you can multiply it partly away,

k

for example you can take k in a” in the denominators smaller.
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4 Conclusions

The first theorem 2.1 gives us a way to calculate a®(™ mod n without having to calculate o(n)
or in other words without having to factorise n. Although this sounds good, I must admit
that I know no applications of this. We also noted a few quite remarkable consequences and
special cases.

The last theorem 3.1 together with the example 2.4 gives us a way to reduce the exponent
modulo ¢(n) when we have to calculate a power of a modulo n. Of course this method
is not a quick method, because we must know ¢(n), and there are easy quick methods to
calculate powers. But the fact that we can reduce to another lower (simplier) exponent can
be important when we don’t deal with a specific number a but when we deal with a specific
power of a not further defined number a modulo n.



